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INTENSIVE GRINDING PROCESSES

Abstract

This study addresses the challenge of reducing energy consumption in flour milling operations,
leveraging insights from a preliminary energy audit. The audit identified the most energy-intensive processes,
including grain moistening, milling, transportation, grain cleaning, as well as the operation of ventilation and
microclimate control systems. The research focuses on energy consumption during grain processing at a flour
mill, employing mathematical modeling and linear programming techniques to achieve this objective. A
mathematical model of grain hydration was developed and implemented in a two-dimensional framework
using numerical methods. The optimization of energy-intensive processes was further refined through the
application of the simplex method in linear programming, incorporating constraints relevant to key stages of
grain milling. The grain moistening process was optimized via a mathematical model of water diffusion,
ensuring uniform hydration, eliminating the risks of over-moistening or drying, and thereby minimizing energy
expenditure. By analyzing energy consumption, resources were systematically redistributed among processes,
enhancing the overall energy efficiency of the enterprise. The proposed optimization measures resulted in
significant reductions in energy consumption, decreased electricity costs, and improved the stability and
environmental sustainability of technological operations. The findings demonstrate that combining preliminary
energy audits with advanced mathematical modeling and optimization techniques constitutes an effective
strategy for enhancing energy efficiency in the food processing industry.

Keywords: Preliminary energy audit, energy optimization, flour milling processes, mathematical
modeling, linear programming, grain hydration, water diffusion, energy efficiency enhancement

Introduction
For most industrial enterprises, including those in the food industry, a persistent challenge in
the adoption and implementation of new technologies and products is the limited availability of
financial resources. Enhancing energy efficiency through technical interventions often necessitates
significant capital investments. Consequently, energy-saving strategies with short payback periods
(e.g., less than six months) that capitalize on the existing energy-saving potential of enterprises by
monitoring equipment performance and optimizing technological processes are of considerable
importance. In the food industry, the primary approaches to energy conservation focus on improving
the efficiency of technological processes and minimizing energy losses during production. The initial
step in implementing energy-saving measures involves analyzing the current operational state. At the
enterprise level, electricity conservation is a critical priority, necessitating a thorough audit of both
the technical condition of the equipment and the electricity metering systems. In flour milling,
numerous processes are energy-intensive, particularly those involving mechanical, thermal, and
electrical operations. Key processes requiring substantial energy expenditure include:
1. Grain drying: When raw material moisture levels are high, this process demands significant
thermal and electrical energy.
2. Mechanical crushing and re-milling: These constitute the primary consumers of electrical
energy within a flour mill.
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3. Transportation of products: Especially pneumatic transport, which incurs substantial energy
costs for compressor operations.

4. Operation of dryers or heating units: When heat treatment of flour is required.

5. Grain hydration: A critical stage in raw material preparation at a flour mill, aimed at achieving
optimal moisture levels for milling. Although this process is relatively less energy-intensive
compared to drying or milling, it significantly influences the efficiency of subsequent
processes and the quality of the final product.

The major energy-intensive processes in flour milling include mechanical crushing, pneumatic
transportation, grain cleaning, and hydration. These processes exhibit distinct energy consumption
characteristics. For instance, drying and milling processes require extensive thermal and electrical
energy, whereas grain hydration, despite consuming less energy, plays a crucial role in determining
the effectiveness of subsequent milling operations and the quality of finished products. To optimize
energy consumption, it is essential to consider both the technical condition of the equipment and the
organization of technological processes. Conducting an energy audit enables the identification of
critical problem areas and the development of strategies to improve energy efficiency. The
implementation of energy-saving measures, however, relies heavily on the application of advanced
mathematical approaches, such as linear programming, which facilitates the rational allocation of
energy resources.

Existing literature highlights various methods for analyzing energy consumption and
implementing measures to enhance energy efficiency in industrial enterprises. For instance, [1]
explores approaches to optimizing energy use in the food industry through equipment modernization
and energy audits. The study in [2] investigates grain hydration processes using mathematical
modeling based on diffusion equations to enhance raw material preparation efficiency. The
application of linear programming for energy cost distribution in various industrial contexts is
presented in [3, 7], with specific methodologies for conducting energy audits at food enterprises.
Similarly, [4] examines energy efficiency at different stages of flour milling, including grinding,
transportation, and raw material processing, emphasizing modern technological solutions. Further
studies, such as [5, 10], delve into water diffusion models to optimize grain hydration in the food
industry, improving product quality while reducing energy costs. Methodologies for energy audits
integrated with optimization techniques for energy conservation are detailed in [6]. Innovations in
energy cost reduction during grain processing are discussed in [8-9], focusing on energy-saving
technologies. However, comprehensive optimization of grain hydration and the allocation of energy
resources across different stages of the technological cycle remains underexplored. Unlike chemical
engineering processes characterized by high phase velocities, as described in [11], grain hydration
primarily operates under the influence of intermolecular forces. Modeling such processes often relies
on differential equations of the diffusion type, as demonstrated in [12].

This study builds on these foundations to address the gap in optimizing grain hydration and
energy distribution, employing advanced mathematical modeling and optimization techniques to
enhance energy efficiency in flour milling operations.

The significance of this research lies in addressing the pressing need for an integrated approach
to optimizing energy consumption within flour milling enterprises. Unlike existing methodologies,
this study introduces a novel framework that employs the water diffusion equation to enhance the
efficiency of the grain moistening process and utilizes linear programming techniques for the rational
allocation of energy resources across various technological operations. The primary objective of this
research is to investigate strategies for reducing energy consumption in flour mills, leveraging a
comprehensive preliminary energy audit, mathematical modeling of the grain moistening process
based on the water diffusion equation, and the application of linear programming to optimize energy
distribution. The proposed approach seeks to achieve significant reductions in energy expenditure
without compromising the quality or efficacy of technological processes and final products. This
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study encompasses an analysis of energy audit findings, the development of a mathematical model
for the grain moistening process, the application of linear programming to energy resource
redistribution, and an evaluation of the outcomes achieved.

Materials and methods

Statement of the Linear Programming Problem.

In this section, the linear programming approach is employed to optimize energy costs in the
operations of flour milling processes. The formulation of the resource consumption model is subject
to the following constraints:

a) Technological constraints: ensuring compliance with quality standards and production
volume requirements;
b) Resource constraints: accounting for the limitations of equipment capacity;
c) Environmental constraints: striving to minimize emissions and waste production.
The mathematical model is structured as a system of linear equations and inequalities that
encapsulate technological, temporal, and resource-specific limitations.
The objective function of this optimization problem is defined as minimizing the total energy
expenditure within the flour milling process:

min Z=Y1; ¢;x;, ()
where c;— represents the cost of electricity associated with process i, x; — denotes the amount of

resource i consumed during the process.
The optimization problem is subject to the following constraints:

x; =0, )
i CiXi < A, (3)
t—m CiX; = B, 4
i=1 CiXi < Emax, (5)

i1 CiXi = Epin. (6)

The physical and mathematical interpretations of the variables in equations (2) through (6) are
as follows: I,k,m,s- represent the indices of the processes or installations that consume energy;

Emaxr» Emin - denote the maximum and minimum permissible energy consumption levels at the
plant, respectively.

Following the energy audit conducted in 2023 at the Fergana Flour Mill, data were collected on
energy consumption for the primary and most energy-intensive processes. These results are outlined
in the subsequent sections:

The data presented in Table 1 were utilized as input for the optimization process, implemented
in Google Colab (colab.research.google.com) using Python libraries such as SciPy and PuLP.
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Table 1. Initial data for optimization

Energy consumption
Name of the process (kWh) per ton (c;) Notes

Grain cleaning 2,25 Cleaning grain after the elevator
Calculated after hydration

Moistening of grain 6,32 optimization as the minimum
amount of energy

Drying grain 8,24 Conditioning after the elevator

Ventilation of industrial 226 Calculated according to statistical

premises (per m?) ’ data for the last 5 years

Grain transportation 1,54 Intra-factory

Grinding grain 26.23 Aver'age energy audit result for the
previous year

Sifting flour 15.90 Aver'age energy audit result for the
previous year

Transportation of flour 2,46 Intra-factory

Flour packaging 6.28 Aver'age energy audit result for the
previous year

Heating of industrial 712 Calculated according to statistical

premises (per m?) ’ data for the last 5 years

Total 81,60

The results of the optimization are summarized in Table 2.

Table 2. Optimal energy consumption

Name of the process &%hm)afl)er tz?legfi}; consumption
Grain cleaning 1,56
Moistening of grain 4,32
Drying grain 7,86
Ventilation of industrial premises (per m?) 9,23
Grain transportation 2,10
Grinding grain 16,25
Sifting flour 12,56
Transportation of flour 1,85
Flour packaging 5,96
Heating of industrial premises (per m?) 8,51
Total 70,20

A comparison of the final energy consumption values, both prior to and following the
optimization process, indicates a reduction in energy consumption of approximately 10%.

Optimization of the hydration process

One of the critical processes in grain processing, which significantly impacts flour quality and
is characterized by high energy consumption, is the hydration-moistening of grain prior to milling.
As an initial step towards optimization, we have focused on optimizing this process, and the resulting
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optimal value is presented in Table 1. Currently, advancements in physical and mathematical sciences,
alongside information technologies, are being integrated into automated process control systems
(APCS). Mathematical models for grain hydration have been developed, accounting for the
heterogeneity and variability in the diffusion coefficients of different grain layers. This section
exemplifies the optimization of one such energy-intensive process—the grain hydration stage prior
to milling.

Methods of modeling and control of the hydration process

In the works [13-15], information systems have been developed that integrate effective
mathematical models and corresponding numerical methods for their implementation. Wheat
varieties used for milling exhibit a wide range of shapes, geometric dimensions, water absorption
capacities, and other characteristics. Therefore, the task of refining mathematical models and
automated process control systems (APCS) for different regions is crucial in ensuring the production
of high-quality flour.

In our view, following an energy audit, it is essential to first optimize the most energy-intensive
grain preparation processes before addressing the optimization of electricity distribution across the
plant. Only after optimizing these processes should the overall energy supply system be optimized
using appropriate methods.

For modeling hydration, we employed the Fick equations, which describe the diffusion of
moisture within the grain, and adapted them to account for the hydration process in different wheat
varieties. Key factors, such as the initial moisture content, geometric parameters, diffusion
coefficients, and others, are considered in the model. The Fick equation includes the molecular
diffusion coefficient, denoted as D. In classical applications, D is typically treated as a constant value.
However, to enhance the accuracy of the hydration modeling process, it is preferable to represent D
as a variable, considering the heterogeneity of the grain's shell material and internal volume. The
diffusion coefficient values can be determined through experimental studies conducted in factory
laboratories or by utilizing theoretical data from existing literature.

Wheat grain exhibits anisotropic properties, meaning it has varying physical and chemical
properties in different directions. As a result, diffusion can be more complex and not strictly radial.
In this study, we account for the grain’s layered structure, which consists of a distinct shell,
endosperm, and germ, with moisture diffusion primarily occurring in the radial direction. This is
particularly relevant when there is significant variation in diffusion resistance between the layers. The
boundary between these layers is sharply defined, with different diffusion properties across the layers.
As the grain is fully immersed in water during the hydration process, and the water uniformly contacts
the grain's surface, radial diffusion is expected to be the dominant mode of moisture movement.

In the radial diffusion model of moisture in grain, the primary variables are the radial distance
r and time t. These variables describe the changes in moisture concentration over time at various
distances from the center of the grain.

Results and Discussion

Radial diffusion of moisture in grain

The main equations and conditions governing the mathematical model are presented as follows:
1. The equation for radial moisture diffusion within the grain is given by:

aC(rt)_~(9%Crt) , 20C(rt)
ot _D( or2 r or )' (7)

where, C(7,¢) — represents the moisture concentration in the grain as a function of the radial distance
r and time ¢, D is the diffusion coefficient of moisture in the grain.
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2. Initial conditions: At the initial time t=0, the moisture concentration C(r,0) within the grain can
be specified as:

C(r,0)=Co, (8)

where, Cy is the initial moisture concentration in the grain, defined as the moisture concentration upon

receipt of the grain at the plant.

3. Boundary conditions: The boundary conditions are determined by the method through which
moisture enters the grain. Typically, the grain is fully immersed in water, which allows us to apply
the condition

C(R,t)=Cs;s, 9)

where, R is the radius of the grain and C;— is the moisture concentration at the grain surface
4. Symmetry Condition at the Grain Center: At the center of the grain, the following condition
is imposed:

ac(ot) _
—. = 0. (10)
which indicates that the moisture concentration gradient at the grain center is zero, implying that the
center of the grain is a point of symmetry.

Thus, the system of equations and conditions (7)—(10) forms a complete model for the radial
diffusion of moisture within the grain.

Implementation of the model by the Fourier method

To solve the system of equations (7)—(10), we employ the method of separation of variables,
assuming that the solution takes the form:

C(r,t) =UMT(t). (11)
Substituting equation (5) into equation (1), we obtain:

UL = XD T (0)+7(1)). (12)

By separating the variables (7), we derive two distinct equations:

1 dT(t)
DT(t) dt

Y (13)

1 (dZU(r) EdU(r))
U(r)\ dr? r dr

=—-A (14)
where A — denotes the eigenvalues associated with the Bessel function. Solution to equation (13):
T(t) = T,e Pt. (15)

The solution to equation (8) is given by a Bessel function:
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U(r) = AJo(Var) + BYy(Var), (16)

where J, u Y, - represent the Bessel functions of the first and second kinds, respectively. By applying
the boundary conditions at the grain surface and at the center of the grain, specified in equations (9)
and (10), we obtain:

du(o)
ar

C(R,)=Cs, U(r)T(t) = Cs, 0. (17)

Thus, the complete solution is expressed as the sum of all possible partial solutions:

C(rt) = TnAnfo(Aur)e Pt (18)

For a specific case, when the initial and boundary conditions are known, we can determine the
values of A,, and the constant A,, allowing us to compute the distribution of moisture concentration
both radially and over time.

The eigenvalues A,, are determined as the squares of the zeros of the Bessel function J,. The
first few zeros of the Bessel function are:

2.4048 5.5200

8.6537
)25)\2:( R )2’}\3:(

A= ( )%, (19)

where R- is the radius of the grain cross-section at which the concentration distribution is calculated.

For use in subsequent calculations (18), the coefficients corresponding to the first three zeros
of the Bessel function are given by:

2 2 2

A1 = Cossmry, Gaow > A2 = Co5 53007, 55200) * A3 = Cozarny, wesan)

(20)

Fig. 1 illustrates the distribution of moisture concentration over time and across the grain layers.
The experimental data are represented by the dots, while the solid lines correspond to the results
obtained through the application of the model (7)—(10).

The total absolute error between the experimental data and the model's predictions does not
exceed 0.05.
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Fig. 1. Graphs depicting the temporal variation in moisture content of wheat grain across
different regions: a) husk; b) endosperm; c) germ; d) whole grain.

Conclusion

Energy audits at industrial enterprises play a crucial role in identifying the most energy-
intensive processes, such as grain hydration, milling, transportation, grain cleaning, as well as the
operation of ventilation and microclimate control systems. These processes offer significant potential
for optimization in terms of energy efficiency through the application of mathematical modeling and
information technologies. In this study, the grain hydration process was optimized by developing a
mathematical model, which was subsequently solved numerically to achieve the desired grain
moisture concentration. Additionally, the optimal distribution of electricity across critical grain
preparation processes was determined using linear programming techniques. The results of the
optimization calculations indicate that energy savings of approximately 10% can be achieved solely
through the optimization of energy distribution at the plant. The proposed linear programming
algorithm, coupled with the developed computational program, enables the execution of numerical
experiments under varying process data and parameter constraints. To further enhance the
effectiveness of the proposed energy distribution optimization method at the flour mill, it is
recommended to revise the constraints on process parameters to allow for more flexibility and to
implement a series of organizational and technical measures aimed at optimizing the most energy-
intensive processes.
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SHEPTUSAHBI KOII KAJKET ETETIH ¥HTAKTAY IIPOUECTEPIHJE SHEPT'AA
HIBIFBIHBIH MOIEJIBAEY KOHE OHTAUJIAHBIPY

Tyiiin

By 3eprrey anmplH ana SHEPreTHKAIBIK ayJuT HOTWXKEJIEepiH maijanaHa OTBIPBIN, YH TapTy
KOCIITOPBIHIAPHIHIA YHEPT U TYTHIHYIBI 32Ty MOCENIECiH KapacThIpaibl. AyIUTTE aCTHIKTHI bUIFAIAAHIBIPY,
(dpesepney, TachIManjay, acTHIKTBI Ta3apTy, COHAANW-aK JKENJETy JKOHE MHKPOKIUMATTHI Oakpliay
KYHeNepiHiH JKYMBICBIH KOCa allFaH/Ia, SHEPTUSHBI KOIl KAKET €TETiH MPOIECTep aHBIKTANbI. 3epTTey OCHI
MaKcaTKa JKeTy YIIiH MaTeMaTHKAJIbIK MOJENBbACY MEH CBI3BIKTHIK OaFiapiaMaiay oJICTepiH KOJJIaHa
OTBHIPBIT, YH KOMOWHATHIHJA ACTBHIKTHI OHJIEY Ke3iHIEC JHEPTUSHbl TYThIHYFa OarbITTalFaH. ACTBHIKTHI
BUIFQIZIAHIBIPY/IBIH MaTeMaTHKAJIBIK MOJEN CaHIBIK SIICTepl KOJIJaHa OTBIPHIN, €Ki ejIIeM Il eHoep/e
YKacasiIbl )KOHE CHT1311I1. DHEPTUSHBI KOT KAKET €TETIH MPOIeCTeP Al OHTAMIaHIBIPY aCTHIKTHI (ppe3epiaeyiH
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HET13r1 Ke3CH/ICPiHe KATBICTHI IMIEKTEYJIEP/Ii €CKePEe OTHIPHII, ChI3BIKTHIK OaraapiaMalay/ia CUMIUICKC d/IiCiH
KOJIIaHy apKbUIBl OFaH opi JKETIMIpUIIl. ACTBHIKTHI BUIFAIIAHABIPY MpPOIEci CynblH AU(PQY3USICHIHBIH
MaTEeMaTHKAIBIK MOJIENI apKbUIBI OHTAMIaHABIPBUIIBI, OipKeNKi bUIFaNIaHyIbl KAMTaMachl3 €TTi, MamManaH
THIC BUIFAIJIAHY HEMECe KEeNTipy KaymiH OOJIIpIpMaibl JKOHE OCHUIAWINA SHEPTUs IIBIFBIHBIH OaphIHIIA
a3alTTHI. DHEePrusl MIBIFBIHBIH TalAay apKbUIBI pecypcTap MpolecTep apacklHa KYHeni Type KaiTa OemiHiIl,
KOCIITOPBIHHBIH, JKaJIBl SHEPTUS THIMAUITIH apTTRIPABL. Y CHIHBUIFAH OHTAMNTaHABIPY MIapanxapbl SHEPTHUsl
TYTBIHYJIBIH €719Yip TOMEHCYIHE, 3JICKTP SHEPTHUACHIHBIH O31HIK KYHBIHBIH TOMCH/ICYiHE, TEXHOJIOTHSIIBIK
orepaIvsuIapIbiH TYPAKThUIBIFBI MEH SKOJIOTHUSIIBIK TYPaKTHUIBIFBIHBIH JKaKcapyblHa okenmdi. Hotmxenep
QJIJIBIH aJla SHEPTeTUKANBIK ayJAUTTEPAl 03bIK MATEMATUKAIBIK MOJICIB/ICY KOHE OHTAHIAHBIPY 9/IiCTepIMEH
OipikTipy Tamak ©HEpKociOiHJe JHEprusl THIMIUITIH apTTHIPYIbIH THIMII CTPATETHACHIH KYPaWTHIHBIH
KepceTei.

KinTrik ce3mep: AnIbH ana SHEPreTHKAIBIK ay/IUT, YSHEPTUSHBI OHTalIaHIBIPY, YH TapTy IpoLecTepi,
MaTeMaTHKAIBIK MOJCIBILY, CBHI3BIKTHIK Oaraapiiamanay, acThIKTHl BUIFAIIaHIBIPY, CYABIH AUGQY3HACHL,
SHEPTHUS THIMILUTITIH apTTHIPY.
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MOJAEJIMPOBAHUE U OIITUMU3ALUA SQHEPI'OIIOTPEBJIEHUS B
SHEPI'OEMKUX NPOUECCAX UBMEJIBYEHUA

AHHOTaNUA

OTO0 WCcleNoBaHUE HAMPABICHO Ha pelIeHne MpoOJeMbl CHIKEHHS DSHEPromnoTpeONieHUs Ha
MYKOMOJIbHBIX MNPEAIPUITHSIX, UCIOJIB3Ys Pe3yibTaThl IPEIBAPUTEIBHOIO 3HEproaynura. B xoae ayaura
ObUIM BBISBJICHBI HauOoOJiee DHEPrOEMKHE IPOLIECCHI, BKIIIOYAs VBIAKHEHHE 3€PHA, U3MEJbUYCHUE,
TPAHCIIOPTUPOBKY, OYUCTKY 3€pHA, a TaKkXke PadOTy CHCTEM BEHTWIAIMH M KOHTPOJIS MHUKPOKIMMATA.
HccnenoBarne cocpeoTOUSHO Ha OTPEOICHUN YHEPTHUHU TIPH IepepaboTKe 3epHa Ha MyKOMOJIBHOM 3aBOJIE,
JUI JOCTMODKEHUS ATOM LEJNM MCHOJIb3YIOTCS METOJIbl MaTEMAaTHYECKOTO MOJEIUPOBAHUS W JIMHEHHOIO
porpaMMupoBanusi. MaTemarndeckass MOJEIb THApAaTalliy 3epHa Obula pa3paboTaHa M pealn30BaHa B
JIBYMEPHOM BHJI€ C WCIOJIH30BAHHEM YHCICHHBIX METOM0B. ONTHUMH3AIM YHEProeMKHX IMPOLECCOB ObLIa
JIOTIOJIHUTEJIBHO ~ YCOBEPIUICHCTBOBAaHA  OJylarofiapss NPUMEHCHUIO CHUMIUIEKC-METONa B JIMHEHHOM
NPOrpPaMMHUPOBAHUH, BKIIFOUAIOIIETO OTPAHUYEHHUS], OTHOCSIIMECS K KJIFOYEBBIM 3TaniaM U3MEIbUEHHUS 3€pHA.
[Ipornecc yBmakHeHUsI 3epHa OBLI ONTHMHU3HPOBAH C MTOMOIIBIO MaTeMaTHYECKOW Mojenu Tudpy3un BOIbI,
YTO 00ECIEeUMIO pAaBHOMEPHOE YBIAXKHEHUE, UCKITIOYHB PUCK TEPEYBIAKHEHUS WU CYIIKH U, TEM CaMBbIM,
MHHUMH3UPOBAB  3aTpaThl dJHEPrUud. AHAIU3  DHEPrONMOTPEONICHWS  TO3BOJWJI  CHUCTEMATHYCCKH
nepepacnpeesaTh PeCypehbl MEXIy MPOLECCaMHU, MOBBIIIAS OOIIYI0 3HEPro3(PPEeKTUBHOCTL MPEITPHUSITHS.
[IpennoxeHHpIe MEPHI 10 ONTUMU3AINH IPUBENIN K 3HAYUTESILHOMY CHIDKEHUIO YHEPrONnoTpeOIeHHS, 3aTpat
Ha JIEKTPOIHEPTHIO, a TAKXKE TIOBBICHIIN CTAOMIIEHOCTh M YKOJIOTHIECKYI0 YCTOMIUBOCTh TEXHOJIOTHIECKIX
onepanui. [lomydeHHbIE Pe3yIbTaThl JEMOHCTPUPYIOT, YTO COUETAHUE MPEBAPUTEIHLHOIO IHEPTETUUECKOTO
ayJuTa ¢ epe0BBIMH METOJJaMH MaTEMAaTHYECKOTO MOJICIMPOBAHHS U ONTHMH3AINH TIPEJCTABISET COO0M
3((HeKTUBHYIO CTPATETHIO MOBHIIIEHUS YHEPT03(PPEKTUBHOCTH B IMUIIEBONW MPOMBIIUICHHOCTH.

KiroueBnble ciaoBa: Hpe}.‘LBapHTCJ'IBHLIfI SHEProayauT, OoITUuMHU3alus 3HepFOHOTpe6J'I€HI/I$I, IMpoHeCChl

MYKOMOJBHOIO IPOM3BOJCTBA, MAaT€MaTH4eCKOE MOJCIMPOBaHME, JIMHEMHOE MpPOrpaMMHUpPOBaHUE,
rUJipaTanys 3epHa, 1udQy3us Boabl, MOBBIIEHHE YHEPTO3) HEKTUBHOCTH.
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